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Abstract-In this paper, we consider the second-order nonlinear differential equation 
[a(t) IY'@)I"-' y'(t)]' + n(t)fhl(t)) = 4th (*) 
where CT > 0 is a constant, a E C(R, (0, co)), Q E C(R,R), f E C(R, R), zf(z) > 0, f'(z) 2 0 for 
2 # 0. Some new sufficient conditions for the oscillation of all solutions of (*) are obtained. Several 
examples which dwell upon the importance of our results are also included. @ 2000 Elsevier Science 
Ltd. All rights reserved. 
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1. INTRODUCTION 
Recently, Wong and Agarwal [l] studied the oscillatory behavior of solutions of the second-order 
nonlinear differential equation 
[4t> (Y’W] + q(t)f(y(t)) = r(t)? (1) 
where g is a positive quotient of odd integers, a(t) is an eventually positive function, q(f) is 
continuous on an interval [to, co) without any restriction on its sign, and f is a continuous real- 
valued function on the real line R and satisfies ZL~(U) > 0 and f’(u) > 0 for every u # 0. 
By a solution of (1)) we mean a nontrivial function y(t) satisfying (1). A solution y(t) is said 
to be oscillatory if it is neither eventually positive nor negative, and nonoscillatory otherwise. 
In order to generalize the results obtained by Graef and Spikes [2] and Kwang and Wong [3] to 
the equation (l), the authors employed the techniques in the works of Graef and Spikes [2] and 
Kwang and Wong [3] for the differential equation 
Y’W + q(t)f(y(t)) = 0, 
and obtained five oscillation theorems for equation (1). In these theorems, the conditions to be 
verified look rather difficult and contain not only the coefficients in (1) but also some additional 
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restrictions, for example, 
and 
where p is constant. 
2 JC~/(“-~), for 0 < 1, 
Iv’(t)l 5 031 for g = 1, 
5 Ll/(“-‘), for fy > 1, 
a(t)lv’(ql”-l + -Yho(t) > 0, t > to, 
f’(u) L P > 0, 
(2) 
(3) 
(4) 
The aim of this paper is to obtain some of these theorems without restrictions (2)-(4) for the 
equation 
[a(t) I!wl”-l d(t)]’ + dwM~)) = r(t), (5) 
where 0 > 0, a(t), q(t), r(t), and f are as before. 
To prove our results, we need the following lemma, which is a generalization of Lemma 2.2 
of [l]. 
LEMMA 1. Suppose that y(t) is a positive (negative) solution of (5) for t E [to, Q], and there exist 
tl E [to,a] and m > 0 such that 
(6) 
for all t E [tl,~]. Then 
4t)ld(t)l”-‘d(t) 5 (2) - mfMtdL t E [h,al. (7) 
2. MAIN RESULTS 
For simplicity, we list the conditions used in the main results as co S_ b-(s)1 ds < 00, 
--oo< 
I q(s) ds < ~0, to 
s 
03 ds 
w =O”, 
and 
(8) 
(9) 
(10) 
(11) 
We begin with the following theorem, which is similar to Theorem 3.1 of [I] without assuming 
the conditions (2), (4), and Lrds/a(s) = 03. 
THEOREM 1. Let conditions (8)-(11) hold, and let y(t) be a nonoscillatory solution of (5) such 
that liminfthoo [y(t)1 > 0. Then 
J O” u(s)f’(Y(s)>lY’(s)l”-1(Y’(t))2 & < o. to [f (Y(S))12 (12) 
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and 
4t)ly’(t)l”-1y’(t) ec 
= t J [ 
4s) 
f(y(t)) q(s! - f(y(s)) ds + t I J 
O” 44f’(y(s))ly’(s)l”-1(y’(4)2 t/,7 
[f(y(s))12 
llj) 
. \ ’ 
for sufficiently large t. 
PROOF. Since liminftiW Y(t)\ > 0, there exist ti 2 ta and ‘rnl,m2 > 0 such that, i!/(t)! 2 /nl 
and lf(Y(t))l > m2 for t > tl. Then, it follows from (8) that 
for t > tl, where ms is a finite positive constant. 
Suppose that (12) does not hold. Then, in view of (9) and (14), we see that (6) is satishcd for 
t 2 tl if tl is sufficiently large. Suppose y(t) is positive for t 2 tl. Applying Lemma 1. wc obtain 
u(t) ly’(t)l”-l y’(t) 5 -mf(y(tl)) ant1 ,Y’(t) < 0 
for t > tl. Since 
Iy’(t)l”-’ y’(t) = - (-y’(t))” , 
we have 
Y(i) I y(t1) - W(YW))“” 1; $3 
which in view of condition (10) contradicts the fact that y(t) > 0 for t 2 tl. The case when f/(t) 
is negative for t > tl follows by a similar argument. Hence, (12) is proved. 
Dividing equation (5) by f(y(t)) and integrating it from to to t, we obtain 
nhere 
p = 4~o)IY’(to)l”-‘Y’(~o) 
f(y(to)) 
O3 q(s) _ 7*(s) d9 
- to J [ rn’ 1 
- J O” 441Y’(s)l”-1(Y’(4)2f’(y(4) (is, to Lf(Y(4)12 * 
Hence. (13) is proved if we can show that p = 0. 
If P < 0, in view of (9), (12), and (14), we choose tl so large that 
and 
J 03 ~(s)iY’(S)I~-l(Y’(S))2f’(Y(s)) ds < _g, t7 Lf(Y(S))l” - 6 
115) 
(1f.g 
(17) 
(18) 
(1’3) 
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Let t = to in (15) to obtain 
~(to)lY’(to)l”-lY’(to) = p + O” 
f (y(to)) J[ 
4(s) _ r(s) 
f (Y(S)) 
+ 
J 
O” a(s),Y~(s)I~-1(Y~';S))2f'(Y(s)) ds 
to [f(YW12 . 
ds 
1 
Using (17)-(20) and the fact that f’(y(t)) L 0, we see that 
~(to)lY’(to)l”-lY’(to) + t 4(s) _ T(S) 
s[ f(Y(S)) 1 J 
t1 
- 
f (y(to)) ds + to 
a(s)~~‘(s)~“-‘(Y’(s))2f’o) ds 
to V(Y(S))12 
r(s) =B-lLy [YW- fo) 1 J m a(s)~Y'(S>~"-1(y'(s))2f'(y(s)) & ds- tl [f (YW12 
>-p+~+~+~=-$mo>O, 
for t 2 tl, i.e., (6) is satisfied. Hence, we can apply Lemma 1 and obtain a contraction as earlier. 
If p > 0, from (15) we have 
lim 4t>lY'@)r1Y'(t) = p > 0 
t-+cc f (y(t)) 
1 
which implies that y’(t) > 0 eventually. Hence, there exists tl 2 to such that 
4t)lY'w-1Y'(t) > p 
f(y(t)) - 2' 
t 2 t1. (21) 
Therefore, 
Ml> 
J 
cm a(s)lY'(S)I"-1(Y'(s))2f'(Y(s)) ds > p 
t1 [f (Y(4)12 J O" f’(Y(d)Y’(S) ds -2 t* f (Y(S)) 
= ~~~~In#. 
1 
Therefore, In f (y(t)) < 00, which implies that f (y(t)) < CO, as t --f W. Due to condition (11) 
and the fact that y(t) is eventually increasing, y(t) is bounded. 
On the other hand, from (21) and the monotonicity of f, we have 
a(t)lY’(t)l”-lY’(t) 2 pf (y(t)) L if (Y(tl)), t 2 t1. 
Since y’(t) > 0, we further have 
y’(t) 2 [;f(Y(tl))]l’u-&j t 2 t1. 
Hence, condition (10) implies that lim t+M y(t) = co, which contradicts the boundedness of y(t). 
The proof is complete. 
We remark that Theorem 1 is an extension of Lemma 2.2 of [4] with r(t) z 0. 
Next, we obtain a sufficient condition for the oscillation of equation (5) subject to the condition 
f’(Y) 
[f(y)]‘“-W” 2 x > O, Y # 0. (22) 
Oscillation Criteria 
We note that if (8) and (9) hold, then 
ho(t) = 
s 
t0a MS) - ~lr(s)ll ds, t >to, 
is finite for any positive constant 1. Assume that h,o(t) > 0 for sufficiently large t. Define, for a 
positive integer n, the following sequence: 
and 
h(t) = J O” [ho(s)]@+‘)‘” ds t a(s)‘/” 
hn+l(t) = / 
O” [ho(s) + Ah,(s)1 (~+l)/~ 
ds. 
t n(s)‘/” 
CONDITION (H). For every X > 0, there exists a positive integer N such that &(t) is finite for 
n = 1,2, . . . , N - 1, and /&N(t) is infinite. 
THEOREM 2. Suppose that conditions (8)-(111, (221, and (H) hold. Then every soJutioa of 
equation (5) is either oscillatory or satisfies lim inft,oo [Y(t) 1 = 0. 
PROOF. Suppose on the contrary that y(t) is a nonoscillatory solution of equation (5) such that 
liminft_oo Iv(t)/ > 0. Hence, by Theorem 1, y(t) satisfies conditions (12) and (13). Furthermore, 
there exist tl 2 to and ml,m2 > 0 such that \y(t)l 2 ml and if(y(t))l 2 m2 for t > tl. Hence, 
from (12) and (13) we find 
~(t)lY’w-lY’(t) > hoCt) + 
f(yl(t)) - s 
O” ~(s)lY’(s)l”-1(Y’(s))2.f’~Y~~)) ds 
t i”f(y(s))12 (23) 
2 ho(t) 2 0. t >t1, 
and so 
From (22)-(24), we have 
y’(t) 2 ho(t)l’“f(y(t))““a(t)-l’g. (24) 
I’ OcI u(s)~Y’(s)~“-‘(Y’(s))2f’o) ds > O” hds)d(s)f’(ds)) ds . t J [f(Y(s))12 - t f(y(s)) 
2 J O” ‘Lo(s)‘“+l”“f(Y(s))l’“f’(Y(s)) ds f(Yl(4bW’” ( 25) t 
2x 
J 
O” ho(s)(“+l”ods = Ah (t) 
a(s)‘/” 1 > 
t 2 t1. 
t 
If N = 1 in Condition (H), then the right-hand side of (25) 1s infinite. This is a contradiction 
to (12). 
Next, it follows from (23) and (25) that 
4t)(y’(t))” 
f (Y(Q) 
> ho(t) + a(t), 
and as before we obtain 
(26) 
J 
O” 4s)(y’(s))“+1f’(~(s)) ds > x 
[f (Y(S))12 
O3 [ho(s) + Ws)l(“+l)‘” d,s 
_ 
t J t a(s)ll” 
= J&(t), t > t1. 
If N = 2 in Condition (H), then once again we get a contradiction to (12). A similar argurnent 
yields a contradiction for any integer N > 2. This completes the proof of theorem. 
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Next, we consider the case r(t) E 0. We shall use the equation number (.),-, to denote the case 
r(t) E 0. Note that in this case, ho(t) = Lw q(s) ds. 
THEOREM 3. Suppose that (9)-(II), (22), and Condition (H) hold. Then every solution of 
equation (5)0 is oscillatory. 
The proof can be modelled after that of Theorem 3.3 in [l], and hence, the details are omitted. 
EXAMPLE. Consider the nonlinear differential equation 
Since 
and 
[ 1 ;(Y’(w3 ’ + ;(Y(tH3 = 0, t > 1. 
f’(Y) 3Y2 
f(y)(u-‘)/O = 7 = 3 ’ O, q(s) ds = J O”l 1 7ds = 1, 
J t1j3 dt = 00, ho(t) = 1 J co q(s) ds = t-l, t 2 1, t 
hi(t) = - J O3 ds)4'3 & = O"s-4/3s1/3 ds = oo, t J a(s)1/3 t 
(27) 
by Theorem 3, every solution of equation (27) is oscillatory. However, Theorem 3.3 of [I] cannot 
be applied to equation (27) since 
f’(Y) = 3Y2 10 
does not satisfy the condition f’(y) 2 /A > 0. 
Finally, for the purpose of completeness, we list an oscillation result for equation (5)o without 
additional restrictions (3) and (4), which is obtained by Li [3]. 
THEOREM 4. (See [4, Theorem 3.11.) Let (T be the ratio of odd positive integers and conditions 
(9)-(11) hold. If 
J” du 
O<+$pm, 
J-Y du < co 
f’/“(u) ’ 
for any E > 0, then every solution of equation (5)o is oscillatory. 
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